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Abstract
The intention of this article is to analyze the Hyers-Ulam-Rassias Stability (HURS) of differential
equations of second order with state dependent delay.
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1. Introduction

Hernendoz and et al [ 1] ascertained the state- dependent delay condition by employing first order partial
differential equations and abstract differential equations in the study publications of [2]. Subsequently,
a scrutiny of the fore stated research and contemporary endeavors provided by Kristin et .al [3] has been
focused. A variation application of the calculus of variation is the configuration of the differential
equation of second order system. The research of state-dependent delays involving partial differential
equations of second order and abstract differential equation, has been effectively exposed through the
review of literature for references, see [4 — 6].

The correlations between the disquisition of the cited articles [7-11] and the illustration of differential
equations enumerated in definite spatial position by Aiello, Freedman and Wu [12] are additionally
ascertained. Inspite of that S.M.Ulam defied the problem of stable functional equations in 1940. A
multitude of mathematicians [ 22-23] have made an intensive exploration on the stability problems with
functional equations, since the introduction and the identification of the problem concerned.

In 1978, M.Rassias besowed the Generalized Hyer-Ulam Stability (also termed as Hyers-Ulam-Rassias
Stability-HURS) of this Hyers Ulam Stability [24]. Consequently, numerous researchers initiated their
research on the Hyers-Ulam Stability (HUS) of functional equation and differential equations, which
ended up in the incredible and in dispensable progress, which is currently witnessed. As a result, ample
numbers of authors [25-34] and even more have successfully carried out extensive research on the HUS.

Occasionally termed as the HURS of first order, higher order, and fractional order differential equations.
Correspondingly, the research on the HUS has attained a prominent position in the arena of
mathematics.
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In 2018, E. Herndndez et.al. [13] proved the existence and uniqueness of solution for the following
problem.

y”(T) = Q’[y(‘[) + T(T' Yp(‘c,yr)): TE [0,5] (1)
Yo =B E€B=C([-y,0[;X),y'(0") =x€X (2)

Let (X, | - |) be a Banach space. Define B: U — X is a bounded and linear operator, here U is a Banach
space and denotes the infinitesimal generator of a strongly continuous cosine function of bounded linear
operators (C(7))er on (X, |- ]) and F(-), p(+) are appropriate functions; the function y;: (—o0, 0] —
X,y:(0) = y(r + 6), is a member of particular abstract state space B termed clearly; 0 < 77 < -+ <
T, < b are annexed numbers; p: J X B = (—o0, b] is a suitable function.

The stat-dependent delay and stability of the abstract differential system is considered as the captivating
and compelling concept of current investigation. The pre-illuminant purpose of this research is to
successfully analyze the stability of the foretasted problem by applying HUS and HURS.

2. Preliminaries
Let (V,| - |v) and (W, | - |g) represents Banach spaces. Let | - |,y qs) denotes a space of linear and
bounded operator norm function, L(B, MW): v — .

The space € = {§ € X:C(-)§ is continuosly differentiable } awarded into the norm |x|¢ = [§] +
SUpPg<z<p |AS(7)§]. From the literature of Kisinski [21], since € is a Banach space, AS(7) € L(E, X)
for every t in the real line R and if s converges to 0 then AS(s)§ converges to 0, for every § € E.

Using the references from the articles, we can comprehend the abstract Cauchy problem of second order
and cosine functions better [21]. Let C([p, q]; X) and Cp;,([p, q]; V) be normally defined spaces and
its norms are denoted as | * |¢(pp,q7:x) and | - |Cup([M]; x) respectively. We termed that

| lepp@parn = 1 leqparw * ey, (p.aiw

$E)-$@Iv

|T—s]

where [£] CLip(p,alV) = SUPrse[p,qls=t and using the state-dependent delay from [16].

Lemma 2.1. [16, Lemma 1]

Suppose ¥,z € C([—a,a];X),0<a<b, the function p(-) belongs to Cp, ([0,b] X
B; RY), Yj0.a1» Z[0,a1 € CLip ([0,a]; X),¥0 = 29 = ¥ € Crjp ([—a, 0]; X), and p(z, h;) < forn = y,z and
every T € [0,a].
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|yo(-,y(.)) = 20020 oo amy 4)
S (1 + [Z(.)]CLip([O,a],‘B) [p]CLip([O,a]xB;R"')) |y - ZlC([O,a];X) (5)

The presence and originality of the answer are first investigated. The validity of the problem is then
shown (1)-(2). First, we outline the modest and conventional approach to (1)-(2).

Definition 2.1. [13]

The mild solution function y € C([0, a]; X) of (1)-(2) on [—a, a], when 0 < a < b, is defined by

y(t) = C(1)B(0) + S(T)x + fo ST —9)G(S, Vp(sy)ds

forall T € [0,a] and if yy = .
Now, we may acquire the initial primary result.
Theorem 2.1. [6]

Let (X, d) be a generalised complete metric space. Assume that @: X — X is a lipschitz-constant strictly
contractive operator L < 1, If there exists a nonnegative integer k such that d(®**1x, ®*) < o for
some x € X, then the following are true:

(a) The sequence {®"x} converges to a fixed end point x* of ®.
(b) x* is the unique fixed point of ® in X* = {y € X/d(P*x,y) < oo}.

() If y € X", then d(y,x*) < —d(®y, ).

3. Hyers-Ulam-Rassias Stability and Hyers-Ulam Stability
This section's primary objective is to investigate the Hyers-Ulam-Rassias stability (H-U-R-S) and
Hyers-Ulam stability of the second order differential equation (H-U-S) (1)-(2).

Theorem 3.1. [13]

Let us assume that p € Cy;, ([0,b] X B; R*), p(0,v) = 0 and a non-negative number r* exists and 0 <
a*<b provides 0<p(rt,9)<t for every 7€[0,a] and 9 €B,-(8,B). Also, L€
Crip ([—a, 0]; X),C(-)B(0) € Ciip ([0,a]; X) and G € iy, ([0, b] X B; X) holds. Then exactly one mild
solution y € Cp;;, ([—a, a]; X) of problem (1)-(2) on [—a, a] for any 0 < a < b, exists.

3187



CAHIERS MAGELLANES-NS ISSN:1624-1940

Volume 06 Issue 2 DOI 10.6084/m9.figshare.2632574
2024 http://magellanes.com/
Proof:

Let d* and r* be defined in condition H,,. Let R > 0 be sufficient and it satisfies that R >
[Bley, (-a0px) + [CCIv(0)]c,, qop1x) + Colx|. Letus consider Ra < r* when 0 < a < min{b, d*, 1}

and

Coang (1 + :R[p]cup([o,b]xB;]R{*') <1, (6)
(OB ey o + Coll +2aCo (Lgr* + su lger ﬁ)l) <R, %
Gy(®) = C@BO) + 5@ + | ST = 9)G(5,Vptsz)ds @®)

0

Lety € Y(a,R). By the Lemma 2.1 and the selection of R, we get,

|g(5' yp(S.ys))l = |g(5' yp(S.ys)) - 9(5':8)| +16(s, B)I
1505, Yotsy)| < LglYpisy — Bl + Sup. 1G(z, B

Using (8), forall T € [0,a) and T + 71 € [0, a], forn > 0,
1Gy(@+m) = Gy(@| S[EOB O], o.asxM + ColxIn + Con gﬁ)pllg (5, ¥otsy)la
s€[0,a

Gy (z + 1) = Gy(¥)| +Coa gﬁ)p]lg(s. Yois) |1
S ,a

this indicates that [5}’]Cup([o,a];X) < R. Furthermore, we know that (Gy)o = B, € Cpip ([—V,0]; X)
and R > [,B]Cup([_y,o];x), from Lemma 2.1 we obtain that Gy € Cy;, ([—y, a]; X) and [gy]cup([_y'a];x) <
R, which shows that G is a Y (a, R)-valued function.

Contrarily, the Lemma's conclusion was achieved 2.1 and for every y,z € y(a,R) and T € [0, a] gives,

T
Igy(f) - gz(T)l < f COaLg|:Vp(s,ys) - Zp(s,zs)leS
0
1GY(D) = G (D < Coa?Ly (1+ R[plc,, (opixnms)) A, 2)

which exhibits the contraction map G, which denotes the unique solution to (1)-(2) on the interval [0, a]
such that y € Cp;p, ([—a, a]; X).

Theorem 3.2 (Hyers-Ulam-Rassias Stability(H-U-R-S)).

Consider the closed interval Iz = [0, b]. Let k4, Cy and L, be non-negative constants with the condition
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0 < 13 Coa?Ly (1 + R[0]1i,([0,b] X B;RY)) < 1.
Proof:
Assume that the function F: [0, b] X R — R is continuous and satisfying the Lipschitz condition

IF(1,y5) — F(7,25)| < Lg(1 + [Z]Lip (-aa1:)[0Lip (0.a1xB:)) 1Y — Zl6(-aarx) €©)

foreacht € Iz and y,z € R. If F: [0, b] — R is a continuously differentiable function satisfies

|y” - Ay(T) - F(T' YG(T,yT))l < 19(‘[) (10)

vVt € [0,b], and 9: [0, b] = (0, ) is a continuous function with the inequality

< K,9(7) (11)

f (= t)0(z)dt,
0

V1 € [0, b], then there is a unique continuous function y,: [0, b] = R such that

Yo(7) = C(1)B(0) + &(7) + ]O (T = S)F (S, Yo(sye))ds (12)

and

K1
1- choang(l + m[o-]Lip([O,b]xB;R*'))

ly(®) = yo(DI < I(T) VT € Ip (13)

Proof: Define a set
® = {y:[0,b] = [—a, b] | y is continuous } (14)
equipped with generalized complete metric
d(y,z) = inf{C € [0, ]| [y(r) — z(7) I< C,,9(7), VT € [0, b]} (15)

Define an operator ¥: & — & by

Wy)(2) = C(DRO) +5(7) + f 5z = SYF(5, V(s ) ds (16)

for each y € &.

We noticed that W is well defined because both F and y are continuous functions.
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In order to reach our goal, we must first prove that W is strictly contractive operator on ®.
For any y,z € ®, assume C,, € [0, ] is arbitrary constant such that d(y, z) < C,,
(i.e) from (15) we have
ly(0) = z(1)| < C,,9(7) (17)
vt € [0, b].

From the conditions (9), (11), (14), (15) and (17), we have

|((Wy)t — (P2)t| < J: CoalLy|Yo(sy) = Zo(s,zg|ds
(Wy)t — (W2)t| < i, Coa?Ly (1 + m[a]up([o,b]w;m) Cyr0(7)
forall T € [0, b]. That is
d(Wy, ¥z) < 1, Coa?Lg (1+ R0 ip(0,p1x:5+) ) CrzB (D)

Hence we can conclude that

d(¥y, ¥z) < 16,Coa?Ly (1 + R[0ip(0pixmnt)) 10 2)
forany y,z € ®.
From (15) and (17), it follows that for any arbitrary g, € ®, there is a constant C such that 0 < C < o

with

|(Wyo) () — yo(D)| = ‘C(T)ﬁ(o) +6(7) + J: 8(T = $)F(S, Vo(sys))ds — ¥o(7)
|(Wyo) (1) — yo(D)| < CI(7)
V1 € [0, b], since F (7, y¢(7)) and yo(7) are bounded in the interval [0, b] and minge[o ;9 (7) > 0.
Thus (16) it means that
d(¥yo, yo) <

As a result, by theorem (2.1), there is a continuous function f;: [0, b] = R so that ¥y, = f; in (P, d)
and Wf, = f,. This means that, f, corresponds to the equation (13) for each t € [0, b].

Now we validate that {y € ®/d(y,,y) < o} = ®.
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For any value h € @, since h and h, are bounded on the interval [0, b] and min¢o 1 8(7) > 0, there
is a constant 0 < Cj, < oo such that |hy(7) — h(7)| < C,9(7).
Hence, we must have d(hg, h) < o0,Vh € ®. (i.e) {h € ®/d(hy, h) < oo} = D.

Hence in sight of theorem (2.1), we can conclude that f is the unique continuous function with the
property (13).

Also, it follows from (10)
_'9(‘[) < y” - Ay(T) - F(T' YG(T,yT)) < '9(T)
vt € [0, b].

If we integrate every terms of previous inequality from 0 to, we get

- [ vwdr [ @ - av@ - gldr < | s
0 0 0

T T T

Ay(r)dt—f g(r,yo)drsj;) I(T)dt

0

—fT Y(r)dt < y'(7) — x(1) —]
0 0
Again integrating from o to s we get,
- fs frﬁ(r)drds < y(t) — B(0)c(r) —s(7)x — J-TS(T —5)g(s,ys)ds < J-S frﬂ(r)drds
0 Y0 0 0 Y0

Now applying the replacement lemma, we obtain

— fr (t=95)9()dt < y(t) — B(0)c(r) — s(t)x — fr S(t—5)g(s,y,)ds < fr (t —s)9(v)dr

<

‘Y(T) — B(0)c(7) = s()x — f S(t = s)9(s,ys5)ds f (r —s)d(v)dr

< Kk;9(7)

‘y(f) = B(0)c(r) = s(0)x — f S(t—5)g(s.y,)ds

vt € [0, b].
Hence by conditions (12) and (17) we get

ly(@) = Fy) (@] = 11 9(7)

Vvt € [0, b], which gives
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d(y,¥y) = x,9(7) (18)

Finally the theorem (2.1) with (18) means that

1
d(y,yo) < d(y,¥y)
Y- K1 Coa? Lg(]- + R[0]Lip (f0,b]xB; R+))
K
d(y,¥0) < - 9(1)

1 —K,CoaL (1 + R[] Lip(0b)xB; R+))
which completes the proof.
Theorem 3.3 (Hyers-Ulam Stability(H-U-S)).

Consider the closed interval Iz = [0, b]. Let k4, Cy, and L, be non-negative constants with the condition
0 < 1;C0a’Ly (1 + R[o], ([o,b]xB;R+)) < 1. Assume that the function F:[0,b]XR >R is

continuous and satisfying the Lipschitz condition
|F(T, ya) - F(T: Za)l < Lg(]- + [Z]Lip ([-a,al;X) [U]Lip ([O,a]xB;R))ly - ZlG([—a;a],X) (19)
foreach v € Iz and u, v € R. If F: [0, b] — R is a continuously differentiable function satisfies

ly" — Ay(¥) — F(T, Yoy, IS € (20)

V1 € [0, b], then there is a unique continuous function f,: [0, b] = R such that

yo(1) = C(0)B(0) + 6(2) + ]0 ' 8(t — S)F(S, Yo(s,yy)ds (21)
and

Y@ = 700 < = (22)

1—K1Coa%Ly (1 + R[] Lip((0,p]xB; R"‘))
Proof:
Define a set
® = {y:[0,b] = [—a, b] | y is continuous } (23)

equipped with generalized complete metric

d(y,z) = inf{C € [0, ]| |y(r) — z(z) IS C, VT € [0, b]} (24)
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Define an operator ¥: @ — @ by

Wy)(2) = C(DRO) +5(7) + f 5(z = SYF(5, Vo(s ) ds 25)

for each y € &.
To reach our goal, we must first prove that W is strictly contractive operator on ®.
For any y,z € ®, assume C,,, € [0, o] is arbitrary constant such that d(y, z) < C,,.
(i.e) from (15) we have
ly(©) — z(7)| = Cy, (26)
vt € [0, b].

From the conditions (19), (25) and (26) we have

T
|((Wy)r — (W2)T| < fo CoaLy|Yo(sys) = Zo(sze)|ds
|(Wy)T — (Y2)1| < K1Coa’Ly (1 + SR[U]Lip([o,b]xB;R")) Cyz

forall T € [0, b]. That is

d(Wy,¥z) < KlCoang (1 + m[o-]Lip([O,b]XB;R"')) Cyz

Hence, we can conclude that

d(¥y, ¥z) < 16,Coa?Ly (1 + R[0ip(0pixmnt)) 103 2)
forany y,z € ®.

Analogously to the proof of the above theorem, we can show that each y, € ® satisfies the property
d(Wyo, o) < co.

Therefore, theorem 2.1 implies that there exists a continuous function y: [0, b] = R such that Yy, —
Yo in (P, d) as n = oo and such that y, = ®y,, that is, y, satisfies (12) for any 7 € Iz. From (14) and
(16), it follows that for any arbitrary g, € @, there is a constant C such that 0 < C < oo with

|(Wyo)(0) = yo(D)| = [C(D)B(0) + 8(7) + fo (T = S)F(S, Yo (s,y0))ds — ¥o(2)

|(Wyo)(©) —yo(D| = C
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vVt € [0, b]. Thus (24) it means that

d(Wyo,yo) <

Now we validate that {y € ®/d(y,,y) < oo} = .

For any value h € ®, since h and h are bounded on the interval [0, b] and min;¢o 1 8(7) > 0, there

is a constant 0 < Cf, r, < o such that |hy(7) — h(T)| < Cpe.

Hence, we must have d(hy, h) < oo,Vh € ®. (i.e) {h € ®/d(hy, h) < o} = .

Hence in sight of theorem (2.1), we can conclude that f; is the unique continuous function with the

property (21). Also, it follows from (20)

—&€=< y” - Ay(T) - F(Tiya(r,yt) <¢
vt € [0, b].

If we integrate every terms of previous inequality from 0 to , we get

- J-T edt < J-T [y" (1) — Ay(t) — g(t,y,)]dt < J-T edt
0 0 0

T T T

g(T,y(,)drSJ- edt

0

Ay(t)dt — J-

0

—fr edt < y'(t) — x(7) —f

0

Again integrating from o to s we get,

—J-S J-T edtds < y(1) — B(0)c(t) — s(t)x — J-T S(t—15)g(s,y5)ds < J-S J-T edtds
0 0 0 0 0

Now applying the replacement lemma, we obtain

T

—e1s < y(t) — B(0)c (1) — s(t)x — f S(t—5s)g(s,y,)ds < ets

Y(@) = BO)e(r) — s(D)x — f S(z = $)g(s,y5)ds

0

< |etTs|

T

‘y(r) — BO)e(r) — s(D)x f St — $)g(s, ys)ds

0

< €TS

vt € [0, B].

Hence by conditions (12) and (17) we get

(27)

(28)

(29)

(30)

(31)

(32)
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ly(@) = (¥y)(0)| < ets
V1 € [0, b], which gives
d(y: pr) < €18 (33)

Finally, the theorem (2.1) with (33) means that

1
d(y,yo) < d(y,¥y)
Y- K1 Coa? Lg(]- + R[0]Lip (f0,b]xB; R+))
TS
d(y,yo) <

1 —x,Coa? Lg(]- + R[0]Lip([0,p]xB; R+))

which completes the proof.

4. Conclusion

Hernendoz has proved uniqueness and existence of solutions in second order differential equations with
state dependent equations with state dependent delay. For the current research, a fore stated problem is
taken into consideration with the inclusion and implementation of HURS. Thus, with the application of
HURS the research successfully satisfied the purpose and effectively proved.
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