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Abstract: Let G be a simple graph of order n with vertices v4, v,, .. v,and the corresponding degrees
of the vertices are d,, d,,..d,.The First Zagreb energy of the graph G is defined as the sum of the
absolute Zagreb eigen values of First Zagreb matrix A,(G) of a graph G.In this paper First Zagreb
energy of undirected graphs Gm,nM and G, graphs are computed.
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1. Introduction
Zagreb indices was introduced by Gutman[1-2] in 1972 .The Zagreb matrix of a graph G
is defined in [3].Some classes of Zagreb hyperenergetic, Zagreb equienergetic graphs are studied in[4].
Upper and lower bounds for zagreb energy are studied in[5].The zagreb energy for some classes of
graphs studied in [6].The relation between second zagreb matrix and the adjacency matrix derived in
[7].The Zagreb indices of selected chemical compounds of natural products are studied in Siva Parvathi
et al [8].The Zagreb indices of Arithmetic graphs are studied by Anusha et al.[9]

The undirected graphs G, and Gm,nM are defined and proved some properties by Ivy
Chakrabarthy et al [10],[11].More on Zagreb indices are studied in [12-16].Some energies of
Gm'nM graph and Gpgraph calculated in [17] . Motivated by these in this paper we calculate the first
Zagreb energy of undirected Gm,nM graph and undirected G, graphs. .

Let G be a simple graph with vertex set V(G) = {v; v,, ... v,} and let d; be the degree of the
vertex v;. E(G) be the edge set of G.The First Zagreb matrix A,(G) of a graph G is a square matrix of
order n and is defined as

d; +d;,ifv; and v; are adjacent}
0, otherwise
Let z; z, z5  z,, are the Zagreb eigen values of A;(G) of a graph G with z; >z, > -+ > z, having

Az(G) = [my;] of order n where m;; = {

multiplicities m; m, ms _m, then Zagreb spectrum of graph G is denoted as
Zy e Zp
Spec (4;(G)) = (m1 m ) where my + my, +---m,, = n.
n

The first Zagreb energy of the graph G is defined as the sum of the absolute Zagreb eigen values of
Az(G) of a graph G and is denoted by E;(G) where E;(G) = Y.i-,]z;]| .
2. First Zagreb energy of the undirected graph G,

Ivy chakrabarthy[10] defined an Undirected graph G,on a natural numbers finite subset and
discussed the properties of graph G,,. Let an undirected simple graph G,, = (V, E) whose vertex set V is

a subset of Natural numbers defined as V = {x € N/(x,n) # 1,x <n}, where n € Nand n is not a
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prime number and x,y € V are two adjacent vertices if and only if gcd (x,y) > 1.The following are
the some of the properties of G,,.

1. The G, graph is complete if and only if n = p™ where p is prime.

2. The G,, graph is disconnected if and only if n = 2p where p is an odd prime.

First Zagreb energy of the G,, graph is presented in this section.

Theorem 2.1: The First Zagreb energy of the G, graph, where n = 2%, a > 1is (2% — 4)2.
Proof: Let n = 2%, a > 1 then the vertex set of G,graph is V={2, 2.2, 3.2,....(2"1 - 1).2} . By
the G, graph definition, if x, ye V are adjacent then gcd(x,y) > 1.
The First Zagreb matrix of G,a graph is

01 1 1

01 ... 1

A,G) =0 =41 1 0 ... 1
111

2071 _1x2%71—1
The Characteristic Equation of A,(G,a) of graph G,a is
(2“—4-) (2“-4’)2
(w+ (2% —4)) = (0—="——)=0.
"4

a2
Then the eigen values of A,(G,a) are (2% — 4) and (22—4) with corresponding multiplicities and
@ gn2
[-ee-a &2
1. Hence the spectrum of the G,a graph is 29-1) 2
— 1
: B o 2%-4) | |(2%-4)? _
Then the first Zagreb energy of the graph G,ais E;(Gya ) =|—(2% —4)| — t [ (1) =

(2% — 4)2,
3. First Zagreb energy of an undirected graph Gm,nM
Ivy Chakrabarthy [11] introduced the Undirected simple graph Gm,nM and proved properties of

Gm'nM graph.Let Gm,nM = (V, E) on natural numbers finite subset and m,n € N,where the vertex set
V =1{1,2,....n} and two distinct vertices u,v € V are adjacent if and only if u # vand u.v is not
divisible by m. Some of the properties are

1. Let m = 1 then the graph Gm,nM is a null graph with n vertices.

2. For 1 < m < n, the graph Gm,nM is disconnected.

3. The graph Gm,nM is connected for m > n.

4 . The graph Gm,nM has the maximum degree n — 1.

The First Zagreb energy of the graph Gm,nM is presented in this section.

Theorem 3.1: The First Zagreb energy of the Gm'nM graph when n = 2p,m > n, m,p are primes is
4(2p — 1)2.
Proof: Consider an undirected Gm'nM graph when m > n, n = 2p and m, p are primes with the vertex
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setV ={1,2,3..n}.
The First Zagreb matrix of Gm'sz graph is

o1 1 ... 1
I 01 ... 1
A (Grpy™)=2Qp-D|1 1 0 ... 1
I 11 ...0 2px2p
The characteristic equation ofAZ(Gm,ZpM) of Gm,sz graph is (w+2(2p—1))2p_1(w—

2(2p — 1)?) = 0.
Then the eigen values ofAZ(Gm,sz) of Gm,sz graph are —2(2p — 1), 2(2p — 1)? with 2p — 1 and

1 are corresponding multiplicities. Hence the spectrum of the Gm,sz graph is
— — —1)2
( 22(519_ 11) 2(2p 1 D ) The First Zagreb energy of the Gm,sz graph is

Ez(Gmap" ) =1=22p = DI@p — 1) +12(2p — D?I(1) = 4(2p - 1?.

Theorem 3.2: The First Zagreb energy of the Gm,nM graph when m > n and m,n are primes is
4(n—1)2..

Proof: Consider an undirected Gm,nM graph, m > n and m,n are primes with the vertex set V =
{1,2,3 ...n}. The First Zagreb matrix of Gm,nM graph is

01 1 ...1
1 01 ... 1
A (Cr")=2m—-D|1 1 0 ... 1
111 0

nxn

The characteristic equation ofAZ(Gm,nM ) of graph G i (w+2(n-— 1))n_1(w —-2(n—1)%) =0.

Then the eigen values ofAZ(Gm,nM) of Gm'nMgraph are —2(n—1),2(n—1)? with n—1and I are
-2(n—-1) 2(n-— 1)2>. The

n—1 1

First Zagreb energy of the Gm'nM graph is E Z( Gm,nM ) =

|-2(n—D|(n—1) +12(n — 1D?|(1) =4(n—1)2.

Theorem 3.3: The First Zagreb energy of the Gm,nM graph when m > n, n = 2% and m is prime is

4(2% —1)2..

Proof: Consider an undirected Gm,nM graph, m > n, n = 2% and m is prime with the vertex set V =

{1,2,3 ...n}. The First Zagreb matrix of Gm’zaM graph is

corresponding multiplicities. Hence the spectrum of the Gm,nM graph is (
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01 1 ...1
1 01 1
A (Crae™)=22%=1D|1 1 0 ... 1
111
2%x2%

The characteristic equation ofAZ(Gm,ZaM ) of graph Gm’zaM is

(a) +2(2% — 1))2a_1(w —2(2% —1)?) = 0. Then the eigen values of Az(Gm'zaM)of Gm,zaM
graph are —2(2% — 1), 2(2% — 1)? with 2% — 1 and 1 are corresponding multiplicities.
—-2(2%-1) 2(2*-1)?
29 -1 1
Gma graphis Ez( Gpoe™ ) = [-2(2% — D[(2% — 1) + [2(2% — 1)?|(1) = 4(2* — 1)2.
4. Conclusion
The graph energy plays a vital role in computations of molecular graphs in chemistry .The First

The spectrum of the Gm'zaM graph is ( ) The First Zagreb energy of the

Zagreb energy of the undirected graphs G,, and Gm,nM for some cases are computed in this paper.

5. References:

[1] I.Gutman and N.Trinajstic,Graph theory and Molecular Orbitals, Total m-electron energy of alternant
hydrocarbons,Chem.Phys.Lett.17(1972),533-538.

[2] Gutman.l.,Rusic.R.,Trinajstic.N.,-Graph Theory and Molecular Orbitals,XII  Acyclic
polynes.J.Chem.Phys.62,1975,pp.3399-3405.

[3] K.C.Das,I.Gutman and B.Zhou.,”New upper bounds on Zagreb Indices”,Journal of Mathematical
Chemistry,vol.46,n0.2,pp.514-521,2009.

[4] G.H.Fath —Tabar.,”Old and new Zagreb Indices of graphs”, MATCH Communications in
Mathematical and in Computer Chemistry,vol.65,pp.79-84,2011.

[5] Nader Jafari Rad,Akbar Jahanbani and Ivan Gutman.,”Zagreb energy and zagreb Estrada index of
graphs” MATCH Communications in Mathematical and in Computer Chemistry,vol.78,pp.371-
386,2018.

[6] Hajar Shooshtar,Hakimeh Hatefi and Murat Cancan-“Zagreb energy of some classes of
graphs”Asian-European journal of mathematics,vol 15,n0.10,2022.

[7] Mitesh J.Patel,Kajal S.Baldaniya and Ashika Panicker-“More on second zagreb energy of
graphs”,Open journal of Discrete Applied Mathematics,6(2),7-13,2023.

[8] M.Siva Parvathi,D.Sujatha and T.Sukeerthi,“A Stastical Comparision between Zagreb Indices for
correlation with toxicity predictions of natural products “International Journal of Research in
Pharmaceutical Sciences ,vol.13.No.1,2022.

[9] M.Venkata Anusha,M.Siva Parvathi and G.S.Shanmuga Priya,”Zagreb Indices on Arithmetic
graphs”,Zeichen Journal,Vol 7,issue 1,pp.144-151,2021.

[10] Ivy Chakrabarthy,Joseph Varghese Kureethara and MuktiAcharya,A Study of an Undirected graph
on a finite subset of Natural numbers,South East Asian J.of Mathematics and Mathematical
Sciences,Vol 18,N0.3(2022),433-448.

3424



CAHIERS MAGELLANES-NS ISSN:1624-1940
Volume 06 Issue 2 DOI 10.6084/m9.figshare.2632574
2024 http://magellanes.com/

[11] I. Chakrabarty , J. V. Kureethara , M. Acharya, the Gm,nM graph on a finite subset of natural
numbers, proceedings of IAM, V.10, N.1, 2021, pp.45-59.

[12] Das.K.C.,Gutman.l,“Some  properties of the second Zagreb Index”,MATCH
Commun.Math.Comput.Chem.52,pp.103-112,2004.

[13] Zhou.B.-Zagreb Indices , MATCH Commun.Math.Comput.Chem.52,pp.113-118,2004.

[14] Ghorbani M,Azimi A-“A note on multiplicative Zagreb indices” , Iranian Journal of Mathematical
Chemistry,3(2),pp.137-143,2012.

[15] Shirdel GH,Rezapour H,AM sayadi-“The Hyper-Zagreb index of graph operations”, Iranian
Journal of Mathematical Chemistry,4(2),pp.213-220,2013.

[16] A.R.Ashrafi, T.Doslic,A.Hamzeh,-“The Zagreb coindices of graph operations”,Discrete
Appl,Math.158,1571-1578,2010.

[17] L.Eswaramma and D.Venkata  Lakshmi, -  “Energy and  Spectrum of

G m,nM graph”,Eur.Chem.Bull.12,issue 2,pp.321-329,2023.

3425



