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1. Introduction

According to Zadeh [8] is introduced to the idea of fuzzy sets (Fs). Since then, a variety of algebraic
structures, such as semigroups, groups, rings, modules, vector spaces, and topologies, have been studied
using these concepts. Fs were introduced by Xi [7] in 1991 and were later used to the BCK -algebras
suggested by Imai and Iséki [2,3].

In this paper, we describe the concept of a fuzzy dot subalgebra of an i*-algebra as an extension of
a fuzzy subalgebra of an 1*-algebra. Following that, we'll examine at some of the essential properties of
fuzzy dot subalgebras. We also examine the concept of fuzzy dot i*-algebraic ideals before delving into
several essential properties associated with these ideals. In section 2 describe the basic preliminaries
and Fuzzy dot subalgebra (FDs) of i*-algebra discussed in section 3. In section 4 proved some theorem
and definition with example of Fuzzy dot i*-ideal of i*-algebra. Finally Conclusion given in the last
section.

2. Preliminaries

2.1 Definition: Cartesian product of fuzzy sets

Let y and 9 be the Fs in a set ©. The Cartesian product (Cp) y*x3: @ x0— [0, 1] is defined by (v *x9)(6,
»)=w(0) -3y), forall 6, y € 0.

2.2 Example

Define a fuzzy set w in 0= {0, 1, 2} by w (0) = 0.1, w(1)=0.2, w(2)=0.5. Define a fuzzy set 3 in ® by
9(0)=1, 9(1)=0.5, 9(2)=0.2.

Then the Cartesian product yx$: @ x@— [0, 1] is defined as (y*3)(0,1) = w(0)-3(1) = (0.1).(0.5) = 0.05.
Similarly we can get values for other elements in 0 x0.

2.3 Definition: Union of fuzzy subsets

For any fuzzy subsets(FSs) 3 and y of a set ®, we define (3 U y)(0) =ma0{9(0), y(0)} for all 6 €
0.

2808



CAHIERS MAGELLANES-NS

Volume 06 Issue 2
2024

2.4 Example

LetFs,3in®=1{0,1,2} by $(0)=0.1,9(1)=0.2,93(2)=0.5.
LetFs, yin®byy (0)=1,v(1)=0.5,7(2)=0.2.
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= (B U 7)(0)=mab{3(0), y(0)}=mab{0.1, 1} = 1.

Similarly we can definitely for other elements in ©.
3. Fuzzy dot subalgebra (FDs) of i *-algebra

3.1 Definition: i *-algebra

A i*-algebra is an algebra (0,*,0) of type (2,0) satisfying the following conditions.

(1) 6x60=1,00€ 0
(1) 0x0=0,0+=0€ 0O
(111)) O *y =1 and y *0 =1
= 0=y for all 0+ 0,y+ 0 € 0.
3.2 Example

Let ® = {0, a, b,}. Consider the following Cayley table

* 0 a b
0 1 0 0
a 0 1 0
b 0 1 1

Table 1: the system (0,*,0) is a i*-algebra

Clearly this table shows that, the system (0,*,0) is a i *-algebra.

3.3 Definition: Subalgebra of I*-algebra

Let S be a nonempty subset of a i *-algebra 0. Then S is called a subalgebra of @ if 6xy€S, for

all 0,y€ S.
3.4 Example

Consider a i*-algebra ©= {0, 1, 2} having the following Cayley table.

*10 1|2
0|1]0/|6O0
10|12
210111

Table 2: S={0,1} is a subalgebra of a i*-algebra

Clearly the table 2 shows that S= {0, 1} is a subalgebra of a i *-algebra.
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3.5 Definition: fuzzy dot sub algebra of a i*algebra
A fuzzy subset 3 of O is called fuzzy dot sub algebra of a i *-algebra O if 3(6*y) < 3(0)-9(y)for
allf,y,0=y+1€0.

3.6 Example
Consider a i*-algebra ©={0,1,2}having the following Cayley table:
*1O0 |1 |2
0(1]0]O0
1|0 1]1
Define a fuzzy set 9 in O by 21001 3(0)=1, 3(1)=0.2, 9(2)=1. It is easy to

verify that 3 is a fuzzy dot subalgebra of a i *-algebra.

3.7 Theorem
If 9 is a fuzzy dot subalgebra of a i*-algebra @, then we have 9(1)< (3(0))? for all 0+1€80.
Proof
For every 0+ 1€ 0,
we have, 9(1) = 9(0+0) < 9(0)-3(0)=(8(0))*
This completing the Proof:
3.8 Theorem
If 9 and vy are fuzzy dot subalgebra of a i*-algebra ©, then so is 3Uy.
Proof
Let 0,y€ 0.
Then (3 Uy)(0 *y) = maB {3(0+y),y(0+y)}
<mab {3(0)-9(y),y(0) y(y)}
<(mab {5(0),y(0)}) - (mab{3(y),y(y)})

=((BUY)(9)) - (BUY(Y))
Hence 3Uy is a fuzzy dot subalgebra of a i*-algebra ©.

3.9 Theorem
If v and 9 are fuzzy dot subalgebras of a i*-algebra O, then y x § is a fuzzy dot subalgebra of
0x0.
Proof
For any6, 6, y1, y2€0,
(> I)((O1, y1)*(02, y2)) = (W x (01402, y1+y2)
= (01~ 02) J(y1+ y2)
< ((w(01) w(62)) - (1) 9(12))
= ((w(01) 9() - (w(02) -$(2))

= (x9N0, y1) - (wx9)(02, y2),
This completing the Proof:
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3.10 Definition: strongest fuzzy ¢-relation on i*-algebra

The strongest fuzzy ¢-relation on i*-algebra © is the fuzzy subset 35 of ©x0 given by 34(0, y)
=¢(0) ‘¢(y) forall 0,y © .
3.11 Definition: fuzzy ¢-product relation

A fuzzy relation 3 on i*-algebra 0 is called a fuzzy ¢-product relation if 3(6, y)<¢(0)- ¢(y) for
all 6,y € 0.
3.12 Definition: left fuzzy relation

A fuzzy relation 9 on i*-algebra 0 is called a left fuzzy relation on ¢ if 3(6, y) = ¢(0) for all 0, y
€ 0. Note that a left fuzzy relation on ¢ is a fuzzy ¢-product relation.
3.13 Theorem

Let 3¢ be the strongest fuzzy ¢-relation on i *-algebra 0, where ¢ is a fuzzy subset of a i *-algebra
0. If ¢ is a fuzzy dot subalgebra of a i *algebra ©, then 3y is a fuzzy dot subalgebra of ©x 0.
Proof

Suppose that ¢ is fuzzy dot subalgebra of 0.

For any91, 02, y1, y2€ 0, we have,

34((61, 1) *(62, y2)) = 94 (O1%6, y1%2)

¢(01+ 02) 9(y1 y2)

<

(#(61) -4(62)) - (9(1) “6(y2))

(¢(01) p(r)) - (4(62) 9(12))
=39 (01, y1) 9 (02, »2),
s0 94 1s a fuzzy dot subalgebra of © x0.
3.14 Theorem
Let 3 be a left fuzzy relation on a fuzzy subset ¢ of a i*-algebra ©. If 9 is a fuzzy dot
subalgebra of @ x O, then ¢ is a fuzzy dot subalgebra of a i*-algebra ©.
Proof
Suppose that a left fuzzy relation $ on ¢ is fuzzy dot subalgebra of © x ©.
Then ¢(61+02) =K 01602, y1+12)
=3(01, y1)*(62, 12))
< 30, y1): K02, y2)
= @(601)- ¢p(O2)for all 01, O, y1, 12€0.
Hence ¢ is a fuzzy dot subalgebra of a i*-algebra ©.

4. Fuzzy dot i*-ideal of i *-algebra

4.1 Definition: i *-ideal of i*-algebra

Let ® be a i*-algebra and I be a subset of 0, then I is called i*-ideal of © if it satisfies the
following conditions.

(1) 1 €l

(i) O*yelandyel=0€l
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(i) 0€l,ye O
=0xyel .
4.2 Example:

Consider a i*-algebra ©® ={0,1,2, 3} having the following Cayley table:

Table 4: I = {0, 1, 2} is i*-ideal of i*-algebra
Clearly this table shows that I = {0, 1, 2} is i*-ideal of i*-algebra.
4.3 Definition: fuzzy i*-ideal i*-algebras
A fuzzy subset u of 0 is called a fuzzy i*-ideal of © if it satisfies the following conditions for all
0,y€ 0:
» (1) =90)
(i) 3(8) < mab{3(0*y), Y(y)}
(11)  9(O*y)<mab {3(0), 3(y)}

4.4 Example
For the table 3, Define a fuzzy set 9 in ® by 3(0)=0.6, 9(1)=0.5, 3(2)=0.8, 9(3)=0.9. Then it is
easy to verify that 3 is a fuzzy i*-ideal algebra of 1 *-algebra ©.

4.5 Definition: Fuzzy Dot i*-ideals of i*-algebras

A fuzzy subset p of © is called a fuzzy dot i*-ideal of O if it satisfies the following conditions for
allf,y,0=y + 1€ 0.

(1) 3(1) < 9(6)

(i) 3(0) <H(0*y)* (y)

(i) H(0*y) <H(0) * %(y)
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4.6 Example

Let ® = {0, 1, a, b}. Consider the following Cayley table.

1 1 0 0 1

Table 5: (0,%, 0) is a i*-algebra. I = {0, a, 1} is a i*-ideal

Clearly this table shows that, the system (0,*, 0) is a i *-algebra. I = {0, a, 1} is a i*-ideal.

Define a fuzzy set 3 in © by 3(0)=1, 9(1)=0.5, 9(a)=9(b)=1. Then it is easy to verify that 9 is a
fuzzy dot subalgebra of a i *-algebra. Also it is fuzzy dot i*-ideal of i *-algebra 0.
4.7 Theorem

Every fuzzy dot i*-ideal of a i*-algebra O is a fuzzy dot subalgebra of ©.
Proof

By the definition of fuzzy dot i *-ideal of a i*-algebra 0, it is clearly true that every fuzzy dot i*-
ideal of a i*-algebra O is a fuzzy dot subalgebra of 0.
4.8 Remark

The converse of Proposition is not true.

4.9 Theorem

If 3 and y are fuzzy dot i*-ideals of a i *-algebra ©, then so is 3 U .
Proof

Let6,y € 0.

(D Then (8 U y)(1) =mab{3(1), y(1)}

<mab { 3(0), y(0)}

=G UY)O).
(i)  Also, (3 U7y)(0) = ma0{9(6), y(6)}

<=maf {8(6* y) - 8(y), v(6* y) - v(v)}
< (mab {3(6* y), v(6* y)}) - (mab{5(8), y(6)})
= (G UO*y) - (B U7Y)O).

(i) And, (3 Uy)(0 * y)=mab {36 *y), y(0 * y)}

=maf {8(0) - 3(y), v(0) - v(v)}
<(mab {3(6), v(0)}) - (mab{S(y), v(y)})
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= U0) (G U
Hence 3 U v is a fuzzy dot i *-ideal of a i*-algebra ©.

4.10 Theorem

If y and 3 are fuzzy dot i*-ideal of a d-algebra 0, then yx9 is a fuzzy dot i*-ideal of ©@x0.
Proof

Let 0,y € ©.

@) (> HAD =yl 3= w() * 3(y)

For any 0, 01, y, y1€ O, we have
(i) (v x9)(0,y) = y(0) 3(y)
< (w(0*01)* w(B1)) « (B(y*y1) * S(y1)
= (w(6*01)* S(y*yn) * (w(y1) * 3(y1))
= (v x9)(O, y)«(y x ) (O1,y1)
= (v x9)((0,y) *(01,y1)) * (v x 3)(01,y1)
@) (g xHO.y)*(O1.y1) = (v x 9)((0%01),(y,y1)
=y(6%01)* 3(y*y1)
< ((w(0)* (b)) * (B3(y)* 8(y1))
= (y(0) 5(y)) * Cw(B1)* 8(y1))
= (v x9)(0,y) * (w x H(O1,y1)
Hence y x 3 is a fuzzy dot d-ideal of ©x ©.
4.11 Theorem
Let ¢ be a fuzzy subset of a i*-algebra 0 and ¢g be the strongest fuzzy ¢-relation on i*-algebra 0.
Then ¢ is a fuzzy dot i*-ideal of © if and only if ¢s is a fuzzy dot i *-ideal of ©x0.
Proof
Assume that ¢ is a fuzzy dot d-ideal of ©.
For any 0, y € ® we have 94 (1, 1)=¢(1) - ¢(1)
< ¢(0) - o(y)
=394 (6,y).
Let0,0',y,y'€ 0.
Then % ((6, ) * (v, ¥')) *% (v, ¥') = 840 * y, 0'%y") - 94(y, ¥')
= (90 *y) - ¢(0"xy") - (6(¥) - d(y"))
=90 *y) - o(y)) - (9(0*y) - d(y))
>(0) - ¢(6")
=34 (0, 0").
and, 95 (6, )-8 (v, y') = (¢(0) - ¢(6")" (¢(y) - ¢(y"))
=(9(6) - 0(y) ) (9(6") ¢(y"))
=00 *y) - 9(0"xy)
=9 (0 %y, 0™y")
=39 ((6,0) * (v, ¥)).
Thus 9 is a fuzzy dot i *-ideal of ©% ©.
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Conversely suppose that 9, is a fuzzy dot i*-ideal of ©x0.
(O(1))* = d(1)-d(1) = Js(1,1)<8 (0, 0)
=9(0)-9(0)=(0))
and so ¢(1) <¢(60) for all € 0. Also we have
($(0)7 =9 (0,0
<I((0,0)* (¥ ) -Is(r.y)
= 94((0%),(0%y)) -94(y.y)
=9((0%y) ¢ (¥))
which implies that ¢(6) < ¢(0 * y) -0(y) for all 6, y€ 0. Also we have
(6 (0xy)) =94 (Oxy, Oxy)
=34((0,0)*(y,»))
<% (0,0)%(y,y)

=@ ©@)¢ (»))
So (0 *y) < ¢(0)-d(y) for all G, y€ O. Therefore ¢ is a fuzzy dot i *-ideal of ©.
4.12 Theorem
Let 9 be a left fuzzy relation on a fuzzy subset ¢ of a i*-algebra ©. If $ is a fuzzy dot d-ideal of
0 x 0, then ¢ is a fuzzy dot i *-ideal of a i*-algebra ©.
Proof
Suppose that a left fuzzy relation 3 on ¢ is a fuzzy dot i*-ideal of © x 0.
Then ¢ (1)=93(1,z), Vz€E 0.
By putting z=1
d(H)=3(1,1H<3O,y)=¢(0), for all b€ 6.
For any 6,0',y,)' €0
¢ (O)=9(0,y)=H(O,y)*@,y")) 4,
=39((0x0"),(yxy"))-9 (', y")
= ¢ (0+0").4 (0).
Also,p (0%0") =3 (60%0' , y*y")
=H(0,y)*(0,))
<3(0,y).9(6,))
=¢(0)9(0).
Thus ¢ is a fuzzy dot i*-ideal of a i *-algebra ©.

5. Conclusion

In this paper a new type of i*-algebra has been defined. Also fuzzy dot subalgebra and fuzzy dot i*-
ideal of i *-algebra introduced and its properties are derived successfully. The study is still going on for
the further innovative results in this i *-algebra.
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